Abstract. Let k0 be a field of characteristic 0, k its algebraic closure, G a connected reductive group defined over k. Let H ⊂ G be a spherical subgroup. We assume that k0 is a large field, for example, k0 is either the field R of real numbers or a p-adic field. Let G0 be a quasi-split k0-form of G. We show that if H has self-normalizing normalizer, and Γ = Gal(k/k0) preserves the combinatorial invariants of G/H, then H is conjugate to a subgroup defined over k0, and hence, the G-variety G/H admits a G0-equivariant k0-form. In the case when G0 is not assumed to be quasi-split, we give a necessary and sufficient Galois-cohomological condition for the existence of a G0-equivariant k0-form of G/H.
Introduction
Let G be a connected reductive group over an algebraically closed field k of characteristic 0. Let Y be an irreducible G-variety.
Let k 0 ⊂ k be a subfield such that k is an algebraic closure of k 0 . Let G 0 be a k 0 -form (k 0 -model) of G, i.e. an algebraic group over k 0 together with an isomorphism of algebraic From now on till the end of the Introduction we assume that Y is a spherical homogeneous space of G. This means that Y = G/H (with the natural action of G) for some algebraic subgroup H ⊂ G and that a Borel subgroup B of G has an open orbit in Y . See Timashev [Tim] and Perrin [Pe] for the theory of spherical varieties.
Inspired by the work of Akhiezer and Cupit-Foutou [ACF] , for a given k 0 -form G 0 of G, we ask whether H is conjugate to a subgroup defined over k 0 , i.e. whether there exists a k 0 -subgroup H 0 ⊂ G 0 such that H 0 × k 0 k ⊂ G is conjugate to H.
More generally, following Akhiezer [Ak] , we ask whether there exists a G 0 -equivariant
A field k 0 is called large if for any irreducible k 0 -variety Y 0 having a smooth k 0 -point, the k 0 -points are Zariski-dense in (Y 0 ) k ; see Pop [Po, Proposition 2.6] . Any field that is complete with respect to a nontrivial absolute value is large; see [Po, Section 1, (A) (2)]. In particular, the field of real numbers R and any p-adic field (a finite extension of the field of p-adic numbers Q p ) are large.
Let T ⊂ B ⊂ G be a Borel subgroup of G and a maximal torus contained in it. Let BRD(G) = BRD(G, T, B) = (X, X ∨ , R, R ∨ , S, S ∨ )
denote the based root datum of G. Here, in particular, X = X * (T ) = X * (B) is the character group of T and B, R is the root system, and S ⊂ R is the system of simple roots defined by B; see Subsection 2.3 below for details.
Following Tits [Tits, Section 2.3] , we consider the * -action of Γ on BRD(G) defined by the k 0 -form G 0 of G; see Subsection 2.4 below. We obtain a homomorphism ε : Γ → Aut BRD(G).
The combinatorial invariants of a spherical variety G/H are the weight lattice X ⊂ X * (B) = X * (T ), the valuation cone V ⊂ V := Hom(X , Q), and two finite subsets Ω (1) , Ω (2) ⊂ V × P(S) related to the set of colors of G/H. Here P(S) denotes the set of all subsets of S. See Borovoi [BG, Section 7] .
For γ ∈ Γ, ε γ acts on X * (B) and on S, and therefore, it is clear what the phrase "ε γ preserves the combinatorial invariants of Y = G/H" means (see Borovoi [BG, Section 8] for details).
The following theorem is a generalization of Theorem 4.4 of Akhiezer and Cupit-Foutou [ACF] , where the authors consider the case when k 0 = R and G 0 is split.
Then H is conjugate to a subgroup defined over k 0 , i.e. there exists a k 0 -subgroup
Note that assumption (i) is a necessary condition for G/H to have a k 0 -form; see Borovoi [BG, Proposition 8.12 ].
The proof follows ideas of Akhiezer and Cupit-Foutou [ACF] . Remark 1.2. The normalizer of a spherical subgroup in general is not self-normalizing; see Avdeev [Av13, Example 4, Section 4] . In Theorem 1.1 we do not know whether the condition of N = N G (H) being self-normalizing is essential. 
If assumptions (i)-(iv) of Theorem 1.1 are satisfied, but G 0 is not assumed to be quasisplit, we can give a necessary and sufficient Galois-cohomological condition for the existence of a G 0 -equivariant k 0 -form of G/H. Theorem 1.4. Let G be a reductive group over an algebraically closed field k of characteristic 0. Let H ⊂ G be a spherical subgroup. Let k 0 ⊂ k be a subfield such that k is an algebraic closure of k. Let G 0 be a k 0 -form of G. Assume that:
We explain the notation. Let G 0 denote the universal covering of the commutator subgroup [G 0 , G 0 ] of G 0 . We write Z 0 for the center of the simply connected group G 0 , which is a finite abelian k 0 -group. Write A = N G (H)/H, which is an abelian group of multiplicative type; see Losev [Lo, 
where Z is the center of G. Using the * -action ε : Γ → Aut BRD(G, T, B), we define a k 0 -form A qs of A and a k 0 -homomorphism
See Subsection 6.2 below. This homomorphism induces a homomorphism on the second cohomology
All this (including the k 0 -form Z 0 of Z) can be constructed in terms of the homomorphism ε. Now, the k 0 -form G 0 of G defines the Tits class t( G 0 ) ∈ H 2 (k 0 , Z 0 ); see Subsection 6.1 below. Theorem 1.4 says that G/H admits a G 0 -equivariant k 0 -form if and only if the class κ * (t( G 0 )) ∈ H 2 (k 0 , A qs ) is trivial.
Note that if G 0 is quasi-split, then t( G 0 ) = 1 and hence κ * (t( G 0 )) = 1. We see that Theorem 1.4 generalizes the assertion of Remark 1.3. Our proof of Theorem 1.4 uses Theorem 1.1.
The plan for the rest of the paper is as follows. In Section 2 we recall basic definitions and results. In Section 3 we show that if N G (H) = H and ε γ preserves the combinatorial invariants of G/H then the (unique) wonderful embedding ι : G/H ֒→ W admits a G 0 -equivariant k 0 -form. In Section 4 we show that if W 0 is a G 0 -equivariant k 0 -form of a wonderful G-variety W , and the field k 0 is large, then the open orbit G/H ⊂ W admits a k 0 -rational point. In Section 5 we combine these results to prove Theorem 1.1. In Section 6 we deduce Theorem 1.4 from Theorem 1.1 and [Bo, Theorem 1.3] .
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Notation and assumptions.
k is an algebraically closed field. k 0 is a subfield of the algebraically closed field k such that k is a Galois extension of k 0 , hence k 0 is perfect. We denote the Galois group Gal(k/k 0 ) by Γ. A k-variety is a reduced separated scheme of finite type over k, not necessarily irreducible. An algebraic k-group is a smooth k-group scheme of finite type over k, not necessarily connected. All algebraic k-subgroups are assumed to be smooth. All homogeneous spaces are assumed to be spherical. G is a connected reductive algebraic k-group and G 0 is a k 0 -form of G. H ⊂ G is a spherical k-subgroup.
Preliminaries
2.1. Let k 0 be a perfect field with a fixed algebraic closure k. By a k 0 -form of a k-scheme X we mean a k 0 -scheme X 0 together with an isomorphism of k-schemes
We write Γ = Gal(k/k 0 ). For γ ∈ Γ, denote by γ * : Spec k → Spec k the morphism of schemes induced by γ. Notice that (γ • δ) * = δ * • γ * . Let (X, p X : X → Spec k) be a k-scheme. A k/k 0 -semilinear automorphism of X is a pair (γ, µ) where γ ∈ Γ and µ : X → X is an isomorphism of schemes such that the diagram below commutes.
In this case we say also that µ is a γ-semilinear automorphism of X. We shorten "γ-semilinear automorphism" to "γ-semi-automorphism". Note that if (γ, µ) is a semiautomorphism of X, then µ uniquely determines γ; see Borovoi [BG, Lemma 1.2] .
We denote SAut(X) the group of all γ-semilinear automorphisms µ of X where γ runs over Γ = Gal(k/k 0 ). By a semilinear action of Γ on X we mean a homomorphism of groups
Let (G, p G : G → Spec k) be a k-group-scheme. By a k 0 -form of G we mean a k 0 -groupscheme G 0 together with an isomorphism of k-group-schemes
A k/k 0 -semi-linear automorphism of G is a pair (γ, τ ) where γ ∈ Γ and τ : G → G is a morphism of schemes such that the following diagram commutes
/ / Spec k and the k-morphism τ ♮ : γ * G → G is an isomorphism of algebraic groups over k; see Borovoi [BG, Definition 2.2] for the notation τ ♮ and γ * G.
We denote SAut(G) the group of all γ-semilinear automorphisms τ of G where γ runs over Γ = Gal(k/k 0 ). By a semilinear action of Γ on G we mean a homomorphism
such that for all γ ∈ Γ, σ γ is γ-semilinear. As above, a k 0 -form G 0 of G induces a semilinear action of Γ on G.
Let G be an algebraic group over k and let X be a G-k-variety. Let G 0 be a k 0 -form of G. It gives rise to a semilinear action σ :
with the action G × k X → X. It gives rise to a semilinear action µ : Γ → SAut(X) such that for all γ in Γ:
We say then that µ γ is σ γ -equivariant.
2.2. Let k be an algebraically closed field, and let G be a linear algebraic group over k. We denote by Aut(G) the group of k-automorphisms of G, regarded as an abstract group. We have a canonical homomorphism
We denote
This action induces an action of Γ on the abstract group Aut(G) by
Recall that a map c : Γ → Aut(G) is called a 1-cocycle if the map c is locally constant and satisfies the following condition:
The set of such cocycles is denoted by
we consider the c-twisted semilinear action
Then, clearly, σ ′ γ is a γ-semi-automorphism of G for any γ ∈ Γ. It follows from the cocycle condition (1) that σ
Since G is an affine variety, the semilinear action σ ′ comes from some k 0 -form G ′ 0 of G, see Serre [Se, III.1.3, Proposition 5] . We write G ′ 0 = c (G 0 ) and say that G ′ 0 is the twisted form of G 0 defined by the cocycle c.
If c ∈ Z 1 (Γ, Inn(G)) is a 1-cocycle with coefficients in Inn(G), then we say that c G 0 is an inner twist or inner form of G 0 .
2.3.
From now on we assume that G is a connected reductive group over an algebraically closed field k of characteristic 0 and that H ⊂ G is a spherical k-subgroup. Let B ⊂ G be a Borel subgroup, and let T ⊂ B be a maximal torus. We consider the based root datum
where X = X * (T ) := Hom(T, G m,k ) is the character group of T ; X ∨ = X * (T ) := Hom(G m,k , T ) is the cocharacter group of T ; R = R(G, T ) ⊂ X is the root system; R ∨ ⊂ X ∨ is the coroot system; S = S(G, T, B) ⊂ R is the system of simple roots (the basis of R) defined by B; S ∨ ⊂ R ∨ is the system of simple coroots.
There is a canonical pairing X × X ∨ → Z, (χ, x) → χ, x , and a canonical bijection α → α ∨ : R → R ∨ such that S ∨ = {α ∨ | α ∈ S}. See Springer [Sp79, Sections 1 and 2] for details.
2.4. We write SAut k/k 0 (G) or just SAut(G) for the group of k/k 0 -semi-automorphism of G. Let T and B be as in 2.3. We construct a canonical homomorphism (cf. Tits [Tits, Section 2.3 
.
is a maximal torus and τ (B) is a Borel subgroup. By Theorem 11.1 and Theorem 10.6(4) in Borel's book [Borel] , there exists an element g ∈ G(k) such that
We obtain a γ-semi-automorphism
The pair (γ, τ ′ ) induces an automorphism of the based root datum
as follows: Since τ ′ (T ) = T , the pair (γ, τ ′ ) acts on the character group X = X * (T ) by
and similarly it acts on the dual lattice X ∨ = X * (T ) and preserves the pairing X × X ∨ → Z. One can easily check that (γ, τ ′ ), when acting on Lie (G), takes the eigenspace corresponding to a root α ∈ R to the eigenspace corresponding to (γ, τ ′ )(α), hence (γ, τ ′ ) preserves R, and, similarly, it preserves, R ∨ and the bijection α → α ∨ : R → R ∨ . Since (γ, τ ′ ) preserves B, it preserves the set of positive roots with respect to B, hence, it preserves S and S ∨ . If g ′ ∈ G(k) is another element such that
then g ′ = tg for some t ∈ T (k). Since inn(t) acts trivially on BRD(G, T, B), we see that φ(γ, τ ) does not depend on the choice of g. One checks easily that φ : SAut(G) → Aut BRD(G, T, B) is a homomorphism; see [BKLR, Proposition 3.1] .
If G 0 is a k 0 -form of G with corresponding semilinear action σ : Γ → SAut(G), we denote by ε = φ • σ : Γ → Aut BRD(G, T, B), γ → ε γ the induced action of Γ on BRD(G, T, B), and call it "the * -action of Γ on BRD(G, T, B) induced by the k 0 -form G 0 " (or simply "the * -action" when there is no source for confusion). Now let G be a connected reductive group, and let G 0 be a k 0 -form of G defining a semilinear action σ : Γ → SAut(G). Then a subgroup H ⊂ G is "defined over k 0 " if and only if it is Γ-invariant. Recall that a k 0 -form
We shall need the following well-known result: 
Equivariant forms of wonderful varieties
3.1. The setup for the rest of the paper is as follows: k 0 is a perfect field with a fixed algebraic closure k, and Γ = Gal(k/k 0 ) is the Galois group. We fix a connected reductive k-group G, a spherical k-subgroup H ⊂ G, and a k 0 -form G 0 of G.
The following Lemma 3.2 and Theorem 3.3 are generalizations of results of Akhiezer [Ak] , cf. Borovoi [BG] . 
The following definition is due to Luna [Lu] . In particular, a wonderful G-variety W has a unique closed G-orbit, which we denote by X := r i=1 X i . As Luna [Lu] noticed, a wonderful variety is always projective (see also Avdeev [Av15, Proposition 3.18 
]).
A wonderful embedding of a spherical homogeneous space G/H is an open G-embedding ι : G/H ֒→ W into a wonderful G-variety. Any spherical variety G/H with N G (H) = H admits a wonderful embedding; see Knop [K, Corollary 7 .2].
We will need the following result, which is a generalization of Theorem 4.3 of Akhiezer and Cupit-Foutou [ACF] . 
Assume that Y admits a
Proof. Denote by σ : Γ → SAut(G) the semilinear action of Γ on G induced by the k 0 -form G 0 , and by µ : Γ → SAut(Y ) the semilinear action of Γ on Y induced by the k 0 -form Y 0 .
Let γ ∈ Γ. Since the form Y 0 is G 0 -equivariant, we see that µ γ is σ γ -equivariant. Thus we see that
For a semilinear action µ : Γ → SAut(X) of Γ on X we will call a "Γ-fixed k-point in X" a point x ∈ X(k) such that for all γ ∈ Γ, µ γ (x) = x. There will usually be only one action on each object so hopefully this will not cause any confusion.
Recall that a closed subgroup P ⊂ G is called parabolic if the quotient space G/P is complete, or, what is the same, if P contains a Borel subgroup B of G; see Borel [Borel, 11.2] .
Lemma 4.2. Let k 0 , k, Γ, G, G 0 be as in 3.1. Let P ⊂ G be a parabolic subgroup, and let X = G/P denote the corresponding generalized flag variety. Assume that G 0 is quasi-split and that X admits a G 0 -equivariant k 0 -form X 0 . Then X 0 has a k 0 -point.
Proof. Let B 0 ⊂ G 0 be a Borel subgroup defined over k 0 , and let T 0 ⊂ B 0 be a maximal torus. Set B = (B 0 ) k , T = (T 0 ) k . Consider the set of simple roots S = S(G, T, B). For any subset I of S one constructs the standard parabolic subgroup P I ⊃ B corresponding to I; see Malle and Testerman [MT, Definition 12.3] . Any parabolic subgroup of G is conjugate to P I for some I ⊂ S. Moreover, two standard parabolic subgroups P I and P J for I = J are not conjugate; see Malle and Testerman [MT, Proposition 12.2] Our parabolic subgroup P is conjugate to P I for some I ⊂ S. Consider the semilinear action σ : Γ → SAut(G) defined by G 0 . Since G 0 is quasi-split, it follows from the definition of the *-action ε : Γ → Aut BRD(G, T, B) in Subsection 2.4 that for all γ ∈ Γ, σ γ (P I ) = P εγ (I) . Since X admits a G 0 -equivariant k 0 -form, and P I is the stabilizer of some point in X, by Lemma 4.1 the subgroup σ γ (P I ) is conjugate to P I . It follows that ε γ (I) = I, and therefore, σ γ (P I ) = P I (for all γ ∈ Γ). This Γ-invariant subgroup P I corresponds to a Γ-fixed k-point x 0 ∈ X(k). Clearly, the point x 0 ∈ X 0 (k) = X(k) is defined over k 0 .
4.3.
Assume now that W is a wonderful G-variety with a given G 0 -equivariant k 0 -form W 0 , given by a semilinear action µ : Γ → SAut(W ). Denote by X = r i=1 X i the unique closed G-orbit in W . Note that since µ γ is σ γ -equivariant for all γ ∈ Γ, µ γ (X) is a closed G-orbit for every γ ∈ Γ. Since W has a unique closed G-orbit, X is Γ-invariant. Since X is a complete homogeneous G-variety, it is a generalized flag variety, i.e. X = G/P for some parabolic subgroup P ⊂ G. By Lemma 4.2 the variety X contains a Γ-fixed k-point.
Theorem 4.4. Let k 0 , k, Γ, G, G 0 be as in 3.1. Let W be a wonderful G-variety with a G 0 -equivariant k 0 -form W 0 , given by a semilinear action µ : Γ → SAut(W ). Assume that k 0 is large and that the form G 0 is quasi-split. Then:
This theorem is a generalization of Theorem 3.6 (ii) of , where the authors considered the case when k = R and G 0 is split.
Denote by X the (unique) closed G-orbit in W . Notice that by condition (iii) in Definition 3.4, we have X ⊂ Z. By 4.3, X contains a Γ-fixed k-point, and hence, Z contains a Γ-fixed k-point. Since the X i 's have normal crossings, and Z is the intersection of some of the X i 's, the variety Z is smooth (see Definition 3.4). Since k 0 is large, we get that Γ-fixed k-points are Zariski dense in Z. In particular, the open subset X ′ ⊂ Z has a Γ-fixed k-point.
Assume now that G 0 is split, and denote by E W the colored fan corresponding to the embedding G/H ֒→ W . Since G 0 is split, Γ acts trivially on X * (B), and hence preserves X (Y ). We see that it also acts trivially on V = Hom(X (Y ), Q). Since W is wonderful, there are no colors in the colored fan E W (see Definition 3.4.8 and Theorem 3.4.16 in Perrin [Pe] ). Hence Γ preserves each colored cone in E W . From the second part of Theorem 2.23 of Huruguen [Hu] , we see that every G-orbit in W is Γ-invariant.
Remark 4.5. In (iii) we did not use the assumption that k 0 is large.
Spherical subgroup defined over the base field
The following theorem is a generalization of Akhiezer and Cupit-Foutou [ACF, Theorem 4.4] , where the authors consider the case when k 0 = R and G 0 is split.
Theorem 5.1. Let k, k 0 , Γ, G, H, G 0 be as in 3.1. Assume that k 0 is large and that char k 0 = 0. Assume moreover that G 0 is quasi-split, and that:
Then there exists g ∈ G(k) such that H ′ := gHg −1 satisfies σ γ (H ′ ) = H ′ for all γ ∈ Γ.
Remark 5.2. When G 0 is split, condition (i) is automatically satisfied.
Proof. Denote N = N G (H). Since ε γ preserves the combinatorial invariants of G/H, by Lemma 3.2 for every γ ∈ Γ there exists a γ ∈ G(k) such that σ γ (H) = a γ Ha −1 γ . Then, of course, we have σ γ (N ) = a γ N a −1 γ . By assumption (ii) we have N G (N ) = N , hence G/N admits a wonderful embedding, say X.
Since σ γ (N ) is conjugate to N , we see from Lemma 3.2 that ε γ preserves the combinatorial invariants of G/N for all γ ∈ Γ. By Theorem 3.5, X admits a G 0 -equivariant k 0 -form X 0 , given by a semilinear action µ : Γ → SAut(X). By Theorem 4.4, there exists a Γ-fixed k-point, say gN , in the open orbit G/N ⊂ X. Then µ γ (gN ) = gN for all γ ∈ Γ. Define N ′ = gN g −1 and H ′ = gHg −1 . Then N ′ = Stab G (gN ) and N ′ = N G (H ′ ). For every γ ∈ Γ, since ε γ preserves the combinatorial invariants of G/H ′ = G/H, there exists
Let γ ∈ Γ. Since µ γ is σ γ -equivariant, we see that 
6. Existence of a form over a large field Let k, k 0 , G, G 0 be as in 3.1. Write G = G/Z(G) for the corresponding adjoint group, and G for the universal covering of G ′ = [G, G] . By Proposition 2.5 we may write G 0 = c (G qs ), where G qs is a quasi-split k 0 -form of G and c ∈ Z 1 (k 0 , G qs ). Here we write G qs = G qs /Z(G qs ).
6.1. We write Z qs for the center Z( G qs ) of the universal cover G qs of the connected semisimple group [G qs , G qs ]. Note that Z qs = Z 0 . The short exact sequence 1 → Z qs → G qs → G qs → 1 induces a cohomology exact sequence
By definition, the Tits class of G 0 is the image of [c] ∈ Z 1 (k 0 , G qs ) in H 2 (k, Z qs ) under the connecting map ∆ : H 1 (k 0 , G qs ) → ∆H 2 (k 0 , Z qs ); see [KMRT] , Section 31, before Proposition 31.7.
6.2.
Let H ⊂ G be a spherical subgroup. Set A = N G (H)/H, which is a group multiplicative type; see Losev [Lo, Theorem 2 and Definition 4.1.1(1)]. The character group X * (A) of A is a quotient group of the weight lattice X of Y = G/H. The group X * (A) and the surjective homomorphism X → X * (A) can be computed from the combinatorial invariants of G/H; see Losev [Lo, Theorem 2 and Definition 4.1.1(1)] again.
We use the notation of Subsection 2.4. In particular, for any γ ∈ Γ we have an automorphism ε γ ∈ Aut BRD(G, T, B). Assume that ε γ preserves the combinatorial invariants of G/H for all γ ∈ Γ. Then ε γ naturally acts on X , on X * (A), and on X * ( Z), and the homomorphisms X → X * (A) and X * (A) → X * ( Z)
are Γ-equivariant. Thus we obtain a k 0 -form of A, which we denote A qs , and a k 0 -homomorphism Z qs → A qs . Note that assumption (i) is a necessary condition for G/H to have a k 0 -form; see Borovoi [BG, Proposition 8.12] . Note also that if G is a simple group of one of the types A n , B n , C n , E 7 , E 8 , F 4 , G 2 then assumption (i) is automatically satisfied.
Proof. The k 0 -forms G 0 and G qs of G define the same homomorphism ε 0 = ε qs : Γ → Aut BRD(G).
Since ε 0 preserves the combinatorial invariants of G/H, so does ε qs . Since G qs is quasisplit, by Theorem 5.1 the subgroup H is conjugate to some subgroup defined over k 0 in G qs , say H qs × k 0 k, where H qs ⊂ G qs . Then clearly G qs /H qs is a G qs -equivariant k 0 -form of G/H. Recall that G 0 = c (G qs ), where c ∈ Z 1 (k 0 , G qs ). By Borovoi [Bo, Theorem 4.3 ] the homogeneous variety G/H admits a G 0 -equivariant k 0 -form if and only if the image of t( G 0 ) in H 2 (k 0 , A qs ) is 1, as required.
